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Designing drug deli®ery de®ices or drug deli®ery protocols poses problems because
they are considered to operate in a mechanically static en®ironment. It should consider,
howe®er, transport processes in these cases occur in a mechanically dynamic en®iron-
ment since mechanical stimuli may strongly influence transport within soft hydrated
materials. A general framework combines fluid and macromolecular transport with the
mechanics of hydrated polymer gels or tissue. As an example, the model equations ha®e
been created for a spherical geometry to describe the distribution of macromolecules
within the gel resulting from a constant pressure or a constant flow infusion source. The
model describes the o®erall a®erage profiles of the interstitial fluid pressure, ®elocity and
solid matrix dilatation, displacement, and stress, as well as macromolecular distribu-
tion. The basic theory pro®ides new insight into understanding the transport of macro-
molecules within mechanically stimulated polymeric gels and tissues and, therefore, rep-
resents a ®aluable tool for designing and engineering no®el drug deli®ery systems, as well
as optimization of drug deli®ery protocols to be used in detection and treatments.

Introduction
Polymeric gels are widely used as drug carriers and drug

delivery devices in many biotechnological applications, such
as tissue engineering, and tissue and organ regeneration in

Ž®i®o Shea et al., 1999; Baldwin and Saltzman, 1998; Jen et
.al., 1996; Muhr and Blonshard, 1982 . For all of these appli-

cations, the gel has to be engineered in such a way that a
specific biologically active molecule is delivered by the mate-
rial according to a specific release time sequence. However, a
problem with the design of such devices is that they are gen-
erally thought to operate under mechanically static condi-
tions, whereas in reality they have to perform under complex
stress conditions, often variable with time. Since the trans-
port of macromolecules within polymeric gels is part of the
dynamic equilibrium among matrix deformation, fluid pres-
sure, and interstitial velocity, the role of the mechanical envi-
ronment on the delivery mechanism cannot be neglected. In
principle, since matrix deformation can lead to the convective
transport of macromolecules, transient macromolecular fluxes
can be induced in the physical domain by a simple mechani-
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cal stimulation even in the absence of concentration gradi-
ents. For instance, periodic mechanical loading enhances the
efficiency of delivering macromolecules from a polymer gel
Ž .Lee et al., 2000 .

A polymeric gel is a biphasic system composed of a solid
network embedded in a fluid phase. The equilibrium of the
system is reached when the forces acting on the fluid phase,
mainly hydrostatic and osmotic pressures, balance the elastic

Ž .response of the polymeric chains Flory, 1992 . Each pertur-
bation of the equilibrium state generates both a network de-
formation and a fluid redistribution. Two mathematical mod-
els, mixture theory and poroelasticity, have been used in the
literature to describe the elastodynamics of gel systems. These
approaches couple the deformation of the polymer network
and the transport of fluid occurring within it. The first model,
which describes a gel-like mixture of a solid and a fluid phase,

Ž .has been introduced by Truesdell and Toupin 1960 and by
Ž .Mow et al. 1980 to study the behavior of biological tissues,

and more recently to describe polymer solutions and gels
Ž .Ianniruberto et al., 1994; Doi, 1996 . The second, formerly

Ž .introduced by Biot 1941, 1955 , considers the system made
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up by a solid poroelastic matrix, similar to a sponge, satu-
rated by the fluid. This model has been extended to describe

Ž .the behavior of gels and biological tissues Mak, 1986 . These
studies demonstrated how the fluid transport mechanism
plays an important role in determining the macroscopic me-

Žchanical behavior of these systems, both in static Mow et al.,
. Ž .1980 and in dynamic Frank and Grodzinsky, 1987 regimes.

The aim of this work is to investigate the role of mechani-
cal stress and deformation on fluid and macromolecular dis-
tribution within a gel. To this end we have adopted the previ-
ous models to describe the fluid transport within a polymer
gel by using a customized viscoelastic constitutive equation
for the solid network. The equations just mentioned, along
with an appropriate diffusive convective equation, are able to
describe the influence of the deformation of the polymer net-
work on the macromolecular distribution. As a specific exam-
ple, the equations have been specialized for a spherical ge-
ometry to describe the distribution of macromolecules within
the gel resulting from an infusion by a constant pressure or a
constant flow source. The model describes the overall aver-
age profiles of the interstitial fluid pressure, velocity, and solid
matrix dilatation, displacement, and stress, as well as macro-
molecular distribution.

The scope of this specific application is to simulate an in-
tratumoral infusion, due to the high relevance of this topic in
cancer therapy. In this case, the mechanical stimuli are pro-
vided by the infusing source. Comparing the results of the
present model with those obtainable with a rigid porous
model, it is concluded that the poroviscoelastic approach not
only allows the description of transient evolution but it also
provides information on the stress distribution within the tis-
sue, which may be a key factor in enhancing and improving
the delivery of macromolecular medicine in solid tumors. The
analysis performed helps in designing intratumoral infusion
protocols.

The analysis of more complex mechanical environments
acting on the material would provide further information
about the mechanical stimulation effects on the macromolec-

Ž .ular distribution within a gel system Lee et al., 2000 and
will be presented in a future article.

Mathematical Model
Assuming that a polymeric gel, which is a biphasic system

constituted by a solid network and a fluid phase, is a homo-
geneous and isotropic medium, each variable and parameter
is to be meant as an average over a scale of several gel pores
or mesh sizes. If � is the generic variable or parameter and
� V is the elementary volume, the average value of � is ex-
pressed by the following relationship

� � VH
� V² :� s 1Ž .

� V

Macromolecular movement within a polymer gel may be
Ž .driven by the concentration gradient diffusion or by intersti-

Ž .tial fluid velocity convection . To describe interstitial fluid

velocity within the gel we followed a previously developed
model to describe fluid movement in solid tumors with capil-

Ž .lary resorption Netti et al., 1997 , extending it to take into
account the effect of the viscoelastic nature of the polymeric
gel. In the following section, the governing equations for fluid
transport and gel mechanics are presented along with a con-
vection�diffusion equation to describe the distribution of
macromolecules within the system.

It should be emphasized that this model, based on the
biphasic theory, is applicable to both macroscopically porous
gels and to highly entangled polymer solutions or gels. In the
former case, the fluid phase is present within macroscopically

Žporous gels, such as fibrillar gels or tissues agarose gel, colla-
.gen, extracellular matrix, and so on , as a distinct phase within

Ž .the porosity Netti et al., 2000 . In these systems, external
mechanical stimuli may lead to a convective fluid transport
due to a nonbalanced hydrostatic pressure gradient. On the
other hand, when an external stress field is applied to an
entangled polymer solution or gel, an osmotic pressure gradi-
ent will arise to balance the solvatation and the elastic forces

Žof the polymeric network Flory, 1992; Ianniruberto et al.,
.1994; Doi and Edwards, 1986 . Therefore, there will be con-

vective fluid flows associated with osmotic pressure gradients
in a similar fashion to those occurring in macroscopically
porous gels related to hydrostatic pressure gradients. In both
cases, the mathematical formulation of the coupling of the
mechanics and transport is given by a generalized Darcy’s Law
Ž .Doi, 1996 .

We adopted a formulation typical of macroscopically
porous gels, for the coupling of fluid motion and elastic re-
sponse of the solid network, from the specific application to

Žwhich the model will be applied in the next section intratu-
.moral infusions .

Go©erning equations for fluid transport
Mass Balance. Hereafter we will adopt the following

nomenclature: © and u are the fluid velocity and the dis-
placement of the solid matrix, respectively; � is the volumet-
ric fraction of the fluid phase; � and � are the density off s
fluid and solid phases, respectively. Assuming that the solid

Ž Ž .and fluid phases have the same specific volume � r 1y� ss
.� r� , the mass balances for the fluid and solid phase can bef

written as

��
sy���©

� t

� 1y� �Ž .
s�� 1y� u 2Ž . Ž .

� t � t

Summing up the preceding equations, the mass balance for
the solid�fluid system can be written as

�
�� �©q 1y� u s0 3Ž . Ž .

� t

In writing these equations we assumed that neither genera-
tion nor absorption terms are present.

Momentum Balance. Assuming that body and inertial
forces are negligible, the momentum balance on the fluid and
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Ž .solid phases can be written as Mow et al., 1986

��� fs�

��� ssy� 4Ž .

f s Ž .where � and � are the total stress Terzaghi tensor in
the fluid and solid phase, respectively. The term � is the
sum of the external forces acting on the single phase, and can

Ž .be expressed as Ateshian et al., 1997

�sF q p� 1y� 5Ž . Ž .a

where F is the frictional force exerted by the fluid on thea
solid matrix due to their relative motion; under the hypothe-
sis of slow motion, it can be expressed as

�
F s ©y u f 6Ž .a � t

where f is the friction coefficient. The second term on the
righthand side in Eq. 5 shows that a gradient of the fluid
volumetric fraction leads to the development of a pressure
force on the solid phase.

From the preceding equations, the total momentum bal-
ance for the solid�fluid system can be written as

��� fq��� ss0 7Ž .

ŽConstituti®e Equation. The linear biphasic theory Mow et
.al., 1980 considers the solid matrix as a linear elastic solid,

and, thus, the time-dependent effects of the system are only
due to fluid redistribution within the solid matrix. Here, to
better describe the real rheological and mechanical behavior
of polymeric gels, we adopted a specially defined viscoelastic
constitutive equation for the gel. The introduction of vis-
coelasticity brings about additional time-dependent effects
due to the configurational relaxation of the polymer chains.
To formulate a constitutive equation for the solid phase, we
invoke the Boltzmann’s superposition principle, assuming that
the mechanical behavior of the gel can be described as the
sum of a linear viscoelastic and a linear-elastic contribution.
The viscoelastic contribution is described by a memory func-

Ž .tion of the material Macosko, 1994 , while the elastic re-
sponse is taken into account by introducing the Lame con-`
stants. The constitutive equation for the solid stress tensor is
then

� ssy 1y� pIq 2�	q
eIŽ .
^ ` _ ^ ` _

hydrostatic elastic
�t

q c m ty� 	q eI d� 8Ž . Ž .Ž .H
��y�

^ ` _
viscoelastic

In this expression 	 is the deformation tensor, and e is the
w Ž .xdilatation of the solid matrix es tr 	 ; � and 
 are the Lamè

Ž .constants, while m t , c, and 
 are the memory function, a

viscoelastic constant characteristic of the material, and the
mean relaxation time, respectively. We defined a unique
memory function to describe the response of the system both
for e and 	 . It could be argued that the relaxation of the
deformation can be different from that of volumetric dilata-
tion, since different mechanisms of chain relaxation may be
involved. However, the definition of a different memory func-
tion to describe the relaxation of e and 	 would introduce
three more material parameters making the analysis of the
model more elaborate and well beyond the scope of this study.

The memory function can be expressed in terms of the
Ž .spectrum of relaxation times as Macosko, 1994

H �� Ž . ytr�m t s e d� 9Ž . Ž .H
�0

Ž .The spectrum of the relaxation times H � has been arbi-
trarily assumed as



w xH � s ��g 
 y� ,
 q�Ž .

�

w xH � s0 �� � 
 y� ,
 q� 10Ž . Ž .

where 
 q� and 
 y� are the shortest and the longest relax-
ation times, respectively. The parameter � measures the
semiamplitude of the spectrum of the relaxation times. The
assumption of this expression for the spectrum of relaxation
times is based on the capability of this expression to describe
qualitatively the dynamic mechanical data of polymer gels that
show a weak dependence of the viscous modulus G� upon

Ž . Ž .the frequency Fung, 1990 . The preceding expression, m t ,
makes the integral term of Eq. 9 yield the usual expression of
a Lodge fluid when the system has only one relaxation time.

To define the constitutive equation for the fluid phase, it
should be pointed out that the velocity © considered here is
the average velocity through the gel network and not the lo-
cal velocity within the single pore. This velocity field can be

Ž .assumed to be conservative Netti et al., 1997 , and, hence,
the contribution of the fluid to the total stress tensor can be
expressed as

� fsy� pI 11Ž .

where p is the hydrostatic pressure.
Combining Eqs. 11, 4 and 5, the momentum balance on the

fluid phase can be rewritten as

�
� ©y u syK �p 12Ž .

� t

where K is the average material hydraulic permeability. This
relation can be regarded as a generalized version of Darcy’s
law, and expresses the coupling between fluid motion and
matrix displacement. Equation 12 reveals clearly the biphasic
nature of a polymer gel. Not only a gradient of hydrostatic
pressure induces a fluid flow and solid matrix displacement
but also a solid matrix displacement may, in turn, lead to a
hydrostatic pressure gradient and fluid flow.
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Macromolecular transport
In general, the solute transport within a polymer gel can

occur by both diffusion and convection. The diffusive flux,
N , can be expressed in general terms asd

N syD�C 13Ž .d

where D is the diffusion coefficient of the solute in the gel
system, while C is the average mass concentration of solute
in the gel. Under the hypothesis of small deformation, D can
be assumed to be constant and independent of the deforma-
tion of the solid matrix. The solute concentration, C, depends
upon the deformation state of the solid matrix and this should
be taken into account for a rigorous description of the diffu-
sive transport. The solute concentration C varies with the gel
deformation according to the equation

V f
o

CsC 14Ž .o fV

where C is the mass concentration in the undeformed state,o
and V f and are V f the fluid volumes in the deformed ando
undeformed state, respectively. From the definition of gel di-

latation under the hypothesis of small deformation, we have

� V f fV yVf o
	( s 15Ž .

V Vo o

where V is the undeformed volume of the gel. From thiso
equation, the concentration of a solute within a deformed gel
can be expressed as

1
CsC 16Ž .o e� 01q

�o

where � is the initial volumetric fraction of the fluid phase.o
Ž .If the deformations are very small, that is er� �1 , theno

CfC .o
The solute convective flux, N , can be expressed asc

N sC� © 17Ž .c

The screening coefficient � is a measure of the relative ve-
locity between the solute and the fluid, and is defined as the
ratio of the average solute-to-fluid velocity. According to

Figure 1. Intragel infusion.
A core of radius a is carved out from the central part of the gel. The fluid pressure and the fluid flow are assumed to be constant within the
region of radius a.
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Ž .Johnson and Deen 1999 , this factor depends upon the hy-
drodynamic radius of the solute, its charge as well as the
properties of the gel, and may assume values either greater
or smaller than unity.

Given the constitutive equations for the diffusive and con-
vective fluxes, the solute balance can be written as

� C
2sD� Cy�� C� © 18Ž . Ž .

� t

The system of Eqs. 3, 7, 12, and 18, together with the bound-
ary conditions, describe the mechanics of the fluid and
macromolecular transport in gel systems.

In the following section, as an example, the preceding
equations will be specialized to the case of a spherical geom-
etry.

Application to an axisymmetric geometry
Here, the model described in the previous section will be

used to study the transport of macromolecules within a poly-
meric gel infused with a constant pressure or constant flow
point source. The physical domain is assumed to be spheri-
cal, in which a solution of a macromolecular solute is infused
from a small region of diameter a carved out from the gel
Ž .see Figure 1 . For the particular choice of the geometry, the
problem is unidimensional. However, the particular choice of
the geometry is not as limiting as it may seem. Indeed, if we
consider a generic body, whose greatest dimension is large
enough compared to the internal cavity diameter, both pres-
sure, velocity, dilatation, stress, and concentration profiles
evolve, as in a spherical domain, around an area sufficiently

Ž .close to the cavity Figure 1 . Therefore, calculations on a
hollow spherical system furnish a first approximation for a
more general domain.

For axisymmetric domains, with r the radial coordinate,
the deformation tensor is

� ur
0 0

� r
ur

	s 190 0 Ž .
r

ur� 00 0
r

and, therefore, the dilatation, e, can be expressed as

� u ur r
es tr 	 s q2 20Ž .Ž .

� r r

By combining Eqs. 3, 7, and 12, the gel mechanics can be
expressed by the following integrodifferential equation in e
Ž .see the Appendix

� e 1 � � e
2sK 
q2� rŽ . 2 ž /� t � r � rr

� 1 � � et 2q2cK m ty� r d� 21Ž . Ž .H 2 ž /�� � r � rry�

which, transformed in the Laplace space, becomes

2c
 s 
 q� q1Ž .
2se s,r sK 
q2� q ln � e s, rŽ . Ž . Ž .ˆ ˆž /� s 
 y� q1Ž .

22Ž .

Equation 22 is mathematically similar to that describing
anomalous diffusion in the polymeric system. Indeed, the
multiplying coefficient of the Laplacian can be seen as a
time-dependent pseudodiffusion coefficient, similar to the
time-dependent diffusion coefficient defined to describe

Žanomalous diffusion in swelling polymers Del Nobile et al.,
.1994 . According to this analogy, Eq. 22 states that the tran-

sient fluid redistribution within a gel is regulated by the
mechanism of fluid percolation through the polymer net-
work, controlled by K , and by the relaxation time of polymer
chains, controlled by 
 . Equation 22 can be solved in the
Laplace space to find the temporal and spatial evolution of

Ž .the solid matrix dilatation see the Appendix .
In the following we will consider two particular cases of

Ž . Ž .infusion: 1 constant pressure and 2 constant flow infusion.
1. In the case of constant pressure infusion, the pressure

in the internal cavity is constant and equal to PI, the infusion
pressure. If the external radius of the sphere, R, is suffi-
ciently large compared to the internal one, Rra�1, we can
assume that the dilatation e vanishes at r™R hence

psPI for rsa

es0 for rsR 23Ž .

2. In the case of constant flow infusion, the solution is in-
fused into the cavity at a rate equal to Q. If the external
radius is sufficiently large compared to the internal one, Rra
�1, that the dilatation e vanishes at r™R, hence

Q
®s for rsa2r� a

es0 for rsR 24Ž .

For the two cases just considered it is possible to find an
analytical expression of the dilatation in the Laplace space
Ž .see the Appendix

w xD s a sinh Ry r �Ž . Ž .
e s,r s 25Ž . Ž .ˆ w xr sinh Rya �Ž .

D� s a2Ž .
e s, r sŽ .ˆ

r

w xsinh Ry r �Ž .
� 26Ž .w x w x1yC s a sinh Rya � q� a cosh Rya �Ž . Ž . Ž .Ž .

Ž . �Ž . Ž .where D s , D s and C s are complex coefficients ex-
pressed in terms of the characteristic parameters of the ma-
terial. Once the distribution of e is known, all the other vari-ˆ

Žables p, u, ®, and � are readily obtained see the Appendixˆ ˆ ˆ ˆ
.for details .
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The distribution of macromolecules can be obtained from
Eq. 18. Due to the complexity of the fluid-velocity field, the
integration of Eq. 18 has been carried out through a finite-
element scheme, assuming the following boundary conditions
Ž .see the Appendix for details

CsC i for rsa � t

Cs0 for rsR � t

x wCs0 for ts0 � rg a, R 27Ž .

where C i is the concentration of macromolecules within the
gel, not to be confused with the concentration of macro-
molecules of the fluid contained in the cavity, C�. The con-
centration C� is related to C i by means of the solubility co-
efficient �, C is�C�.

Results
The spatial and temporal evolutions of the average hydro-

static fluid pressure and velocity, matrix dilatation, and solid
stress are calculated by Eqs. A24, A30, A14, A23, A34, and
A35 in Appendix A, using the quotient difference method for

Žthe numerical inversion of the Laplace transform Hoog et
.al., 1982 . For the simulations the ratio arR has been as-

Ž .sumed to be much less than unity s0.035 and the parame-
ters K , c, 
, �, 
 , and D have been taken from the literature
Ž .see Table 1 and assumed to be constant.

The transient process is controlled by two characteristic
times, namely relaxation and percolation. Relaxation time, 
 ,
represents the characteristic times for polymer chain rear-
rangements, while percolation time measures the time for
fluid redistribution within the network and is given by

4� R2

T s 28Ž .percolation K 
q2�Ž .

Constant pressure infusion
Steady State. The steady-state analytical expressions of

matrix dilatation, fluid pressure, and velocity and radial stress

Figure 2. Steady-state fluid-velocity profile for a con-
stant pressure infusion at 1.3 kPa.
Ž . y10 2 Ž . y10. . . K s 7.6� 10 m rkPa � s; � � K s 3.8� 10

2 Ž . y11 2 Ž .m rkPa � s; � � � K s 7.6�10 m rkPa � s; K s 3.8�
10y11 m2rkPa � s.

are as follows

PI � a R
e r s 1y 29Ž . Ž .ss ž /ayR 
q2� rŽ .Ž .

PI � a R
p r s 1y 30Ž . Ž .ss ž /ayR rŽ .

PI � Ka R
® r s 31Ž . Ž .ss 2Rya � rŽ .

The pressure profile is controlled only by the infusion pres-
sure, while the fluid velocity and the matrix dilatation de-
pend upon the material properties. The matrix dilatation de-
pends on the elastic modulus, while the velocity profile de-
pends on the hydraulic conductivity of the matrix, as shown
in Figure 2. The magnitude of the fluid-velocity field in-
creases with the value of K. Having assumed the material
properties to be constant, the expression for the pressure and
the fluid velocity are the same, as for infusion in a rigid porous

Ž .material Morrison et al., 1994 .
Transient Process. The transient process is influenced by

Ž .the fluid transport properties of the matrix K and by its
Ž .mechanical properties 
, �, c, and 
 . The first three pa-

rameters modulate the percolation time, while the others are
related to the viscoelastic contribution. The effect of the hy-

Table 1. Transport and Mechanical Parameters

Parameter Value Unit Reference
3Q 0.1�10 mmrmin

PI 0.65�2.6 kPa
R 1 cm
a 0.035 cm

3C 0.5 grcmo
� 1 Dimensionless

y8 y6 2 Ž . Ž . Ž .D 1�10 �1�10 cm rs Morrison et al. 1994 ; Jain 1987 ; Netti et al. 1997
Ž . Ž .
 13.16 kPa Netti et al. 1997 ; Nicholson and Phillips 1981

Ž .� 6.58 kPa Nicholson and Phillips 1981
c 0�52 kPa

Ž .
 300 s Netti et al. 1997
Ž .� 0.2 Dimensionless Jain 1987

y1 2 y16 2 Ž . Ž . Ž . Ž .K 7.6�10 �7.6�10 m rkPa � s Jain 1987 ; Boucher et al. 1998 ; Johnson and Deen 1996 ; Swabb et al. 1974
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Figure 3. Transient fluid-pressure profile for a constant
pressure infusion at 1.3 kPa as a function of
the hydraulic conductivity of the matrix.
Ž . y10 2 Ž . y10K s 7.6 � 10 m rkPa � s; . . . K s 3.8� 10

2 Ž . y11 2 Ž .m rkPa � s; � � � K s 7.6�10 m rkPa � s; � K s 3.8�
10y11 m2rkPa � s.

draulic permeability upon the evolution of the fluid-pressure
profile is shown in Figure 3. As expected, increasing K re-
sults in a faster evolution of the pressure profile toward equi-

Žlibrium. The elastic moduli of the polymer network 
 and
.� play a similar role in the time evolution of the fluid-pres-

Ž .sure profile data not shown . The viscoelastic modulus, c,
also contributes to a reduction in the time scale of the tran-
sient process, albeit its effect fades for times longer than the

Ž .relaxation time 
 , as shown in Figure 4. The solid line rep-
Ž .resents the pressure profile of a poroelastic system cs0 .

As c increases, the pressure increases and the time for fluid
redistribution decreases. However, these effects are only pre-
sent for times less then the viscoelastic relaxation time; at
longer times, the poroviscoelastic curves fall onto that of a
poroelastic material.

Constant flow infusion
Steady State. The steady-state expressions of matrix di-

latation, fluid pressure, and velocity and radial stress are as
follows

�Q R
e r s 1y 32Ž . Ž .ss ž /4K� R 
q2� rŽ .

Figure 4. Transient fluid-pressure profile for a constant
pressure infusion of 1.3 kPa parametric with
the viscoelastic modulus c.
Ž . Ž . Ž . Ž .�� � cs 52 kPa; � � cs 26 kPa; �� � cs13 kPa;
cs 0 kPa.

Figure 5. Steady-state fluid-pressure profile for a con-
stant flow infusion at 0.1 �L/////min as a function
of the hydraulic conductivity of the matrix.
Ž . y10 2 Ž . y10 2Ks 7.6�10 m rkPa � s; � Ks 3.8�10 m rkPa �

Ž . y11 2 Ž . y11s; � � K s 7.6�10 m rkPa � s; ` K s 3.8�10
m2rkPa � s.

�Q R
p r s 1y 33Ž . Ž .ss ž /4K� R r

Q
® r s 34Ž . Ž .ss 24� r

When the fluid is infused at constant flow, the fluid redistri-
bution at the steady state depends upon the fluid transport

Ž .properties of the gel K . For this reason, contrary to the
case of constant pressure infusion, the fluid-pressure profile
is controlled by the hydraulic permeability, while the velocity
profile does not depend upon the material properties. Figure
5 shows the influence of K on the pressure profile; as K
decreases the pressure profile increases.

Transient Process. As in the case of constant pressure in-
fusion, the transient process is influenced by the fluid trans-

Ž .port properties of the matrix K and by its mechanical prop-
Ž . Ž .erties 
, �, c, and 
 . The last two parameters c and 


modulate the time response of the system during the tran-
sient; the higher the modulus c, the shorter the transient in
the fluid-pressure profile evolution, as shown in Figure 6.
However, the effect of c on the pressure profile is short lived,

Figure 6. Transient fluid-pressure profile for a constant
flow infusion at 0.1 mm3/////min as a function of
the viscoelastic modulus c.
Ž . Ž . Ž . Ž .` cs 52 kPa, � � cs 26 kPa; � cs13 kPa; cs 0
kPa.
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Figure 7. Transient fluid-velocity profile for a constant
flow infusion of 0.1 mm3/////min as a function of
K.
Ž . y10 2 Ž . y10K s 7.6 � 10 m rkPa � s; � � K s 3.8 � 10

2 Ž . y11 2 Ž .m rkPa � s; � � � K s 7.6�10 m rkPa � s; � � � K s 3.8
�10y11 m2rkPa � s.

that is, it is only present for time less than 
 ; at longer times,
its effect fades and all the curves fall on the poroelastic one
Ž .cs0 . The elastic moduli and the hydraulic permeability, K ,
also contribute to the reduction in evolution time. An in-
crease in the elastic modulus of the matrix results in a faster

Žfluid redistribution within the polymer matrix data not
.shown . The transient time is also influenced by the hydraulic

conductivity of the matrix; an increase of K leads to a reduc-
tion of the transient time, as shown in Figure 7.

Determination of the stress field
From the above analysis it is evident that the fluid flow

and pressure distribution differ only from those in a rigid
porous material in the transient phase. Therefore, one might
conclude that the model is useful only for following phenom-
ena that occur within the transient process. It should be
pointed out, however, that the use of poroelastic or porovis-
coelastic approaches are also important in the steady-state
process, since it allows the evaluation of the solid stress pro-
file within the material. The analysis of the stress field within
the material is relevant for an accurate description of the
transport processes. Furthermore, the strength of the poly-
mer gel dictates limits on the magnitude of the pressure or of
the flow infusion. By calculating the stress distribution within
the gel, it is possible to determine the maximum value of the
pressure or the flow infusion, which does not cause the poly-
mer network to fail mechanically.

Constant Pressure Infusion. The radial and circumferential
Ž .hoop stresses within the solid matrix resulting from an infu-
sion from a constant pressure source are


 

3 2 3 3 24 r y6r Rq2 a q3 a y3 Raž / ž /1 � �tot� r s PI � aŽ .r r 
3 3Rya q2 rŽ . ž /�

35Ž .

Figure 8. Solid stress profile for a constant pressure in-
fusion.
Ž . Ž .a Radial stress and b tangential stress as a function of

Ž . Ž .the infusion pressure. PIs 2.6 kPa; � � PIs1.3 kPa;
Ž .` PIs 0.65 kPa. Note that radial stress is of compression,
while tangential stress is of traction.

� tot r s� tot rŽ . Ž .�� ��


 

3 3 3 2y2 r q2 a q3 a y3 Raž / ž /1 � �

s PI � a 36Ž .

3 3q2 ayR rŽ .ž /�

The stress distribution depends on the infusion pressure and
on the elastic modulus of the matrix. Figure 8a shows the
steady-state radial-stress profile for different values of the in-

Žfusion pressure. The radial stress is always negative com-
.pression , with the highest value attained at the solid�liquid

interface where the solid stress is equal to the infusion pres-
Ž .sure. Figure 8 b shows the distribution of circumferential

stresses at different values of the infusion pressure. The cir-
Ž .cumferential stress is positive tension and, as in the case of

the radial stress, the highest value is attained at the
solid�liquid interface. It should be noted that while the pro-
file of material dilatation depends on the sum of the Lamè

Ž .constant 2�q
 , the solid-stress profiles depend on their
Ž .ratio 
r� .
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Constant Flow Infusion. The radial and circumferential
stresses resulting from an infusion from a constant flow source
are


 

3 2 3 2 34 r y6r Rq2 a y3a R q3až / ž /1 � �tot� r s � � QŽ .r r 
12 3K� q2 Rrž /�

37Ž .


 

3 3 2 3y2 r q2 a y3 Ra q3 až / ž /1 � �tot tot� s� sy � � Q�� �� 
12 3K� q2 Rrž /�

38Ž .

The stress profiles are dependent on the infusion flow rate,
the elastic moduli of the matrix, as well as the fluid flow re-
sistance. Unlike the case of constant pressure infusion, the
hydraulic permeability strongly affects the value of the stress,
as shown in Figures 9a and 9b. The figures have been ex-
panded around the infusion area to highlight the effect of the
hydraulic conductivity and flow rate on the stress distribu-
tion. The curves simulate the radial and circumferential stress

Ždistribution at three different flow rates 0.1, 1, and 10
3 .mmrmin and for two different values of hydraulic conduc-
Ž y11 y12 2 .tivity 7.6�10 and 7.6�10 m rkPa � s . At a given flow

rate the stress level at the infusion site is controlled by the
hydraulic conductivity of the matrix. Therefore, the value of
K fixes the maximum flow rate that can be used to avoid the
mechanical failure of the matrix. Generally, for polymeric gels
or tissues, the load-bearing capability in compression is higher
than in tension. Therefore, it is expected that the tangential
stress will cause gel breaking more than the radial stress. This
should be taken into account for the optimization of an infu-
sion protocol, in order to prevent a mechanical failure of the
polymeric gel or tissue.

Macromolecular solute distribution
The distribution of macromolecular solutes resulting from

an infusion depends on mechanical and hydraulic conductiv-
ity parameters, as well as on the diffusion coefficient of the
solute within the polymeric matrix. In the following section
the role of these parameters on the distribution of a macro-
molecular solute will be discussed.

Constant Flow Infusion. At a given flow rate, the distribu-
tion of macromolecules within the polymer gel depends on
the diffusion coefficient, as shown in Figure 10. Since the
instantaneous flow of macromolecules entering the gel is given

Ž .by the product Q C , the total number of macromoleculeso
within the gel at a given time is the same for all cases. The
diffusion mechanism tends to reduce the concentration gradi-
ent, and, therefore, for high diffusion coefficients, the con-

Žcentration profile is smooth over the radius of the gel Figure
.10a . As the diffusion coefficient decreases, the transport be-

comes convection driven and the concentration profile be-
Ž .comes sharper Figures 10b and 10c . In the limit for D™0,

( ) ( )Figure 9. Solid stress profiles, a radial stress and b
tangential stress, for a constant flow infusion,
parametric with the infusion flow.
Closed symbols refer to K s 7.6�10y12 m2rkPa � s; open
symbols refer to K s 7.6�10y11 m2rkPa � s.

Ž .the concentration profile is stepwise Figure 10c .
At short times, the concentration profiles show a surplus,

that is, the concentration in the region close to the infusion
site exceeds the infusion concentration C . This effect be-o
comes more pronounced as the diffusion coefficient de-
creases, and disappears at longer times when the fluid veloc-
ity reaches the steady state. The excess in concentration is
due to the nonzero divergence of the velocity field during the

Žtransient time. Indeed, the mass balance for the solute Eq.
.18 can be rewritten as

� C
2sD� CyC� �� ©y� © ��C 39Ž .

� t

If the diffusive transport is negligible with respect to the
Ž .convective one, the time derivative concentration � Cr� t , al-

ways positive in sign, is dependent on the convection term
Ž Ž ..y C� �� ©q� © ��C . Once the steady state is reached, the

Ž .divergence of the fluid velocity is zero �� ©s0 , so the sign
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Figure 10. Influence of diffusivity on solute concentra-
tion profile for a constant flow infusion at 1
�L/////min.
Macromolecular concentration profiles at several times for
Ž . y6 2 Ž . y7 2 Ž .a Ds1�10 cm rs; b Ds1�10 cm rs; c Ds1�

y8 2 Ž .10 cm rs; d Comparison among different profiles 11 h
Ž . y6 2 Ž .after infusion, where Ds1�10 cm rs; ` Ds 1

y7 2 Ž . y8 2�10 cm rs; � Ds 1�10 cm rs.

Ž .of the concentration gradient �C has to be negative. On
the other hand, during the transient phase, the divergence of
the fluid velocity is negative and this may lead to a positive
value of the concentration gradient, as shown in Figure 10c.

Figure 11. Influence of diffusivity on solute concentra-
tion profile for a constant pressure infusion
at 10 mmHg.
Macromolecular concentration profiles at several times for
Ž . y6 2 Ž . y7 2 Ž .a Ds1�10 cm rs; b Ds1�10 cm rs; c Ds1�

y8 2 Ž .10 cm rs. d Comparison among different profiles 11 h
Ž . y6 2 Ž . y7after infusion. Ds1�10 cm rs; ` Ds1�10

2 Ž . y8 2cm rs; � Ds1�10 cm rs.

In this case, there is a net macromolecular flux against a con-
centration gradient. At longer times, when the fluid velocity
reaches the steady state, the concentration profile flattens out
as a consequence of the vanishing fluid-velocity divergence.
The same explanation holds when the diffusion term is not
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negligible compared to the convection term, although the dif-
fusion mechanism tends to smoothen the concentration ex-
cess, as shown in Figure 10a.

Figure 10d shows the effect of the diffusion coefficient on
the macromolecular distribution within the gel after 11 h of
infusion. As the diffusion coefficient decreases, the profile
becomes much sharper, with an abrupt change in correspon-
dence of a given section.

Constant Pressure Infusion. Similar qualitative results are
obtained for an infusion from a constant pressure source,
shown in Figure 11. Also in this case, as the transport be-
comes convection driven, the concentration profile becomes
sharper. The main differences in the concentration distribu-
tion resulting from a constant pressure infusion and a con-
stant flow infusion are due to the fluid-velocity distribution
obtainable from the two modality of infusion. These differ-
ences were discussed in the previous sections.

Limits of the analysis
The mathematical model presented here allows a unified

approach to describe the mechanical behavior of spongelike
systems, such as polymeric gels, and the fluid and macro-
molecular transport. However, this model is based on several
simplifying hypotheses. First of all, the model considers a sys-
tem subjected to small deformations, which allows the use of
linear elasticity and viscoelasticity for the solid matrix. Fur-
thermore, it is assumed that the hydraulic permeability, K , is
not a function of the gel dilatation. There is experimental

Ževidence indicating that K strongly depends on � Tokita
.and Tanaka, 1991; Johnson, 1996 , and this functionality

should be included to more accurately describe the fluid
Žtransport problem within the gel Jackson and James, 1982;

.Mow et al., 1980 . However, within the limits of small defor-
mations, the assumption of constant hydraulic permeability
does not lead to appreciable errors.

Discussion
The mathematical model presented here describes the fluid

and macromolecular transport within polymer gels and its
coupling with the mechanical deformation of the polymer
matrix. The analysis indicates that either fluid and macro-
molecular transport or mechanical deformation redistribu-
tion is governed by parabolic equations. The characteristic
times, associated with the several phenomena involved in the
process, arise naturally when we consider the phenomena just
discussed as diffusion-like processes.

Fluid transport
The fluid redistribution is regulated by Eq. A4, which can

be rewritten as

�t 22cK m ty� � e d�Ž . Ž .H� e ��y� 2s K 
q2� q � eŽ . 2� t � e� 0
sDs t �2e 39Ž . Ž .

Ž .where Ds t assumes the physical meaning of a time-depen-
dent pseudodiffusion coefficient that regulates the rate of

matrix dilatation, and, thus, fluid redistribution within the
polymer gel. Equation 39 is mathematically similar to those
proposed to describe anomalous diffusion generally observed

Ž .in polymer swelling Del Nobile, 1994 . According to this
analogy, the transient fluid redistribution is regulated by the
mechanism of fluid percolation through the polymer network
and by the configurational relaxation of polymer chains. The
mechanism of matrix dilatation redistribution can be elastic if
the relaxation time is very short or very long compared to the
fluid percolation time. Indeed, if the relaxation time, 
 , tends
to zero, then from Eq. 39 we can see that the pseudodiffu-

Ž Ž ..sion coefficient Ds becomes equal to K 
q2� ; on the
Ž .other hand, if 
 ™� the pseudodiffusion coefficient Ds t

Ž Ž ..tends to K 
q2�qc . In both cases the rate of solid ma-
trix dilatation distribution is not time dependent and de-
pends exclusively on the instantaneous elastic modulus of the
solid matrix. When 
 is not extremely short or extremely long
compared to the percolation time, then the matrix-dilatation
redistribution process is defined as ®iscoelastic, and the pseu-

Ž .dodiffusion coefficient Ds t , that is, the rate of the process,
is time dependent. To evaluate whether the process of matrix
dilatation distribution follows an elastic or ®iscoelastic mech-
anism, it is useful to define the Deborah number for the per-
colation as the ratio between the relaxation time 
 and the
percolation time



De s 40Ž .percolation 24� R rK 
q2�Ž .

The process of fluid redistribution is elastic if De ispercolation
much less or much greater than unity, while it is ®iscoelastic
if De is close to one.percolation

Macromolecular transport
The distribution of macromolecules resulting from an infu-

sion of fluid within a polymer gel depends, in general, on the
transport parameters of the matrix as well as on its mechani-
cal properties. Indeed, if the gel is infused with a solution of
a given concentration of macromolecules, the transitory re-
distribution of fluid throughout the material may have an in-
fluence on the distribution of macromolecules. This occurs
when the transient time for fluid redistribution is within the
same time scale as the macromolecular transport. To estab-
lish whether the transient distribution of fluid or matrix di-
latation influence the macromolecular distribution within the
material, it is useful to compare the time scale for fluid per-
colation and for the macromolecular transport. The ratio of
these two characteristic times, which has a physical meaning
similar to the Deborah’s number defined earlier, discrimi-
nates among several cases that may be occurring

TpercolationDDe s 41Ž .

d

For De D�1 or De D�1, the macromolecular concentration
profile is not influenced by the transient fluid redistribution,
and the transport of macromolecules occurs as if the medium
were rigid. On the other hand, if De Df1, the fluid percola-
tion and the macromolecular transport occur within the same
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time scale. In this case, the transient evolution of the fluid
velocity can influence the distribution of macromolecules, as
shown in Figures 10 and 11. The surpluses in concentration
shown at times right after infusion, are due to the transient
evolution of the fluid velocity profiles. However, this effect
vanishes at later times as the velocity profile approaches the
steady state. Generally, for polymer gels and biological soft
tissue, the time scale for fluid percolation is faster than the
diffusion time, and thus the effect of transient fluid distribu-
tion, if any, is expected only at early times.

A particular case of transport is expected when the
percolation Ž .De �1 viscoelastic case and the characteristic time

Žof diffusion are shorter than those of polymer relaxation 
d
.�
 . This case would be similar to the two-stage diffusion

Žreported for the swelling of polymer gel Joshi and Astarita,
.1979 . The diffusion proceeds as a multistage process. In the

first stage the diffusion occurs while the solid matrix is undis-
turbed; later, the solid matrix begins to relax, inducing a dif-
ferent diffusive regime due to the time-evolving dilatation of
the gel.

At the steady state of the fluid redistribution, the molecu-
lar transport is controlled by two characteristic times: the dif-
fusion time, 
 , and the convection time, 
 . The former isd c
given by

2r

 s 42Ž .d D

where D is the diffusion coefficient and r is a characteristic
length, which in our case is the radial coordinate. The con-
vection time can be evaluated by

drr 3 3
 r s s A r ya 43Ž . Ž . Ž .Hc ® rŽ .a

Ž .where ® r is the velocity profile, A is a constant that is equal
wŽŽ . Ž .Ž Ž ..xto Rya r 3Ra �r PI � K for constant pressure infusion,
Ž .and 4�r3Q for constant flow infusion. The ratio between

the diffusion and convection time, the Peclet’s number, indi-
cates which mechanism controls the transport process


d
Pes 44Ž .


c

If Pe�1, the macromolecular transport occurs mainly by
convection, while if Pe�1, diffusion is the dominant trans-
port mechanism. In the case of Pef1, both mechanisms con-
trol the distribution of macromolecules within the material.
In the case studied here, Pe is a decreasing function of the
radial coordinate, and, thus, there may be a switch from a
convection-controlled transport, occurring in the region close
to the infusion site, to a diffusion-controlled transport, occur-
ring in the region far from the infusion site. The radial posi-
tion, r, at which this switch occurs is evaluated by imposing
Pes1, that is

3 3
 AD r yaŽ .d
Pes s s1 45Ž .2
 rc

The concentration profile will advance with the typical step
shape of a convection-controlled transport, until the section
of coordinate, r, where it will switch to a sigmoidal shape
typical of diffusive transport. The coordinate r decreases as
D increases, as shown in Figures 10 and 11. Therefore, given
the transport properties of a polymer gel, r is a measure of
the maximum radial position that can be loaded with a con-
stant concentration of macromolecules.

The depth of penetration, r of the macromolecules within
the gel at a given time, T , after infusion, can be evaluated
assuming that convection and diffusion mechanisms occur in

Ž .parallel Levenspiel, 1972 , that is

1 1 1
s q 46Ž .

T 
 
c d

Expressing Eq. 46 in terms of the Peclet number, we have

1
Ts 
 47Ž .d1qPe rŽ .

from which the penetration depth, r, can be easily evaluated.

Implications for tissue regeneration and drug deli©ery
Polymeric hydrogels have been largely used as growth-fac-

Žtor delivery systems to regenerate tissues and organs Shea et
.al., 1999; Baldwin and Saltzman, 1998; Jen et al., 1996 . Gen-

erally these devices are engineered to operate under mechan-
ically static conditions. However, to regenerate tissues, such
as bone, muscles, blood vessels, and cartilage, and in engi-
neering bioreactors such as cell-seeded scaffolds, these sys-
tems have to work in a mechanically dynamic environment,
and this might alter their delivery mechanism significantly
Ž .Kim et al., 1999; Niklason et al., 1999 . Recently, mechani-
cally activated delivery gels have been proposed as novel in-
telligent devices to guide tissue formation in a complex

Ž .stressed environment Lee et al., 2000 . The model presented
here, which couples the mechanical deformation with the
transport of macromolecules within a polymer gel, provides a
useful tool for engineering polymer matrices for such applica-
tions. Furthermore, a critical problem often encountered in
the use of polymer gels as drug delivery matrices is the opti-
mization of the technique to load the bioactive molecule
Ž .Anseth et al., 1996 . There are two main approaches to load-

Ž .ing a bioactive molecule within a polymer gel: 1 to mix the
bioactive molecule in the gel precursor solution and let the

Ž .gel form, and 2 load the formed gel by soaking it in a solu-
tion containing the bioactive molecule. The former approach
can be used when the gelling conditions are permissible for
biomolecule activity, such as in the case of thermo- or ionic-
induced gelation. For gels that are formed in conditions that
are not compatible with the activity of the biomolecule, such
as in the case of chemically cross-linked gels, the latter ap-
proach must be used. In that case, since the loading process
relies mainly on diffusion, it may require a very long time to
achieve equilibrium. To circumvent this limitation, a convec-
tion-enhanced loading process can be followed by microin-
jecting or perfusing the drug through the gel. For these kinds
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of approaches, the model presented here may be very helpful
in designing and controlling the gel loading process.

Interstitial movement of fluids and macromolecules is part
of a complex equilibrium between the fluid pressures and tis-
sue stresses and deformation. The control and prediction of
the macromolecular distribution that follows a direct tissue

Žinfusion is of relevant interest in diagnosis and therapy Bobo
.et al., 1994; Boucher et al., 1998; Jain, 1994 . The model pre-

sented here can be used as an optimization tool for direct
infusion in living tissue, such as those performed for diagnos-

Ž .tic such as lymphagiography as well as therapeutic reasons.
Intratumoral injection, for example, has recently received in-
terest as a means of circumventing the transport barriers for
delivery of macromolecules such as antibodies, DNA frag-

Žments, or viruses Bobo et al., 1994.; Morrison et al., 1994,
.Boucher et al., 1998 , since it has been shown that direct in-

tratumoral infusion can enhance drug concentrations by or-
ders of magnitude compared to those achieved by systemic

Ž .delivery Morrison et al., 1994; Bobo et al., 1994 . In these
applications, and in particular for intratumoral infusion, the
goal is to deliver the maximum amount of drug in the short-
est time and, most importantly, distributed as uniformly as

Žpossible throughout the tissue Boucher et al., 1998; Bobo et
.al., 1994; McGuire and Yuan, 2001 . However, these two goals

are often opposite to each other. Indeed, infusing at an ele-
vated flow rate would guarantee a high delivery rate, on the
one hand, but a probable tissue rupture due to elevated solid
stress and, therefore, a nonuniform drug distribution, on the
other hand. Previous attempts to describe macromolecular
distributions within the tumor mass have not considered the

Žrole of the coupling tissue mechanics and transport Morri-
.son et al., 1994 . Thus, the optimizing of an infusion protocol

has to take into account the complex relationship that exists
between the transport phenomena and its coupling with tis-
sue mechanics. An application of the model presented here
for predicting and controlling the macromolecular distribu-
tion that results from direct infusion within a tumor mass and
the guidelines for optmization intratumoral infusion protocol
based on tissue mechanics is currently ongoing and will be
the subject of a future article. Several alternatives to infusing
a tumor tissue in order to prevent fluid leakage due to rup-
ture of the system and to enhance and improve drug distribu-
tion within a solid tumor will be presented and critically dis-
cussed. Since during single-point infusion the most stressed
area is at the infusion cavity, the use of multiple infusion
sources and injecting smaller amounts of macromolecular so-
lution could prevent tissue damage and, at the same time,
ensure a higher delivery rate. As an alternative, better distri-
bution can be obtained by oscillating flow rates of drug-solu-
tion infusion, exploiting the transient of the solid stress field.
Aside from the applications mentioned herein, the model is
also useful for several other cases in the fields of bioreactor
design, food technology, and tissue engineering.

Conclusion
The model presented herein, although with some simplify-

ing assumptions, provides new insight into understanding the
coupling between mechanics and transport in soft hydrated
gels. It can be used to design and engineer novel drug deliv-
ery systems, which have to operate in a mechanically dynamic

environment, as well as optimizing a drug delivery protocol to
be used in therapy and diagnostics. Furthermore, the model
represents a useful tool for experimentally evaluating the
transport and mechanical parameters of soft hydrated gels
and tissues.

The results obtained are physically sound and show tran-
sient phenomena in the macromolecular distribution follow-
ing an infusion from a constant flow or pressure source that
is not predictable by a rigid porous or by a poroelastic model.
These results, once experimentally confirmed, can be further
exploited to formulate novel approaches that may help in en-
hancing macromolecular distribution within gels and tissues.
These approaches include oscillating infusion pressure or flow
as well as periodic mechanical deformation of the solid ma-
trix.

Furthermore, the model also predicts the evolution of the
stress field within the solid matrix. This aspect is very impor-
tant, since polymer gels, especially physically reversible gels,
are vulnerable to tension breakage. Mechanical failure of the
gel leads to the formation of fluids and solutes channeling,
and, therefore, impair a uniform distribution of macro-
molecules within the polymer matrix.
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Notation
asinternal radius of the sphere, cm
csviscoelastic modulus, kPa

Csmacromolecular solute concentration, grcm3

C ismacromolecular solute concentration in the gel inter-
face, grcm3

C� smacromolecular solute concentration in the cavity, grcm3

Dsdiffusion coefficient, cm2rs
Dsspseudodiffusion coefficient, cm2rs

essolid matrix dilatation
fsfrictional coefficient

F sfrictional force, Na
Hsspectrum of relaxation-time function
Kshydraulic permeability, m2rkPa � s

N , N sconvective and diffusive macromolecular concentrationc d
fluxes, grcm2 � s

psfluid pressure, kPa
PIsinfusion pressure, kPa
Qsinfusion flow, mm3rmin
rsspatial coordinate, cm

Rsexternal radius of the sphere, cm
T spercolation time, spercolation

ussolid matrix displacement, �m
©sfluid velocity, �mrs
Vsvolume of the gel, cm3

V sundeformed volume of the gel, cm3
o

V f, V fsfluid volume in deformed and undeformed state of theo
gel, cm3

Greek letters
�ssemiamplitude of the relaxation-time spectrum, s
	ssolid deformation tensor
� sscreening coefficient
�ssolubility coefficient
�svolumetric fluid fraction
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, �sLame constants for solid matrix, kPa`
�ssum of the external forces acting on the single phase, N

� , � sfluid- and solid-phase density, grcm3
f s

� s, � fssolid- and fluid-phase stress tensor, kPa

 sviscoelastic relaxation time, s


 , 
 sconvective and diffusive characteristic time, sc d
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Appendix A: Application of the Model to a
Spherical Geometry

In this section we will derive the equations that describe
the mechanics of a polymeric gel, by combining the mass and
momentum balances for the fluid and solid phase and reduce
them for a spherical geometry.

For a spherical geometry, the following relationships hold

1 1
��	s ���u q �er2 2

�es���ur

���es�2e

�� ���u s�2e A1Ž .Ž .r

Combining the momentum balance for the solid�fluid system
Ž . ŽEq. 7 and the constitutive equation for the solid matrix Eq.
.8 leads to

�t2 2 2� ps 
q2� � eq2c m ty� � e d� A2Ž . Ž . Ž . Ž .H
��y�
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Ž .From the continuity equation Eq. 3 and Eq. 12, we have

�
2K � ps�� u A3Ž .r� t

and substituting Eq. A3 in Eq. A2 and considering that the
divergence of the displacement field is the dilatation field, we
have

� e �t2 2sK 
q2� � eq2cK m ty
 � e d� A4Ž . Ž . Ž . Ž .H
� t ��y�

To transform Eq. A4 in the Laplace space, let us first evalu-
Ž .ate the transform of the memory function Eq. 9 :

1 
 s 
 q� q1Ž .
m s s ln A5Ž . Ž .ˆ ž /s � s 
 y� q1Ž .

The integral term in Eq. A4 is a convolution integral. Using
the result of Eq. A5, and so transforming Eq. A4, we have

1 � � e s, rŽ .ˆ2se s, r y e 0, r sK 
q2� rŽ . Ž . Ž .ˆ 2 ž /� r � rr

2c
 s 
 q� q1 1 � � e s, rŽ . Ž .ˆ2q ln r A6Ž .2 ž /ž /� s 
 y� q1 � r � rrŽ .

Ž Ž .If the gel is initially in the undeformed state that is, e 0,r
.s0 , Eq. A6 is a modified Bessel equation in spherical coor-

dinates, and its general solution is

A sinh r� B cosh r�Ž . Ž .
e s, r s q A7Ž . Ž .ˆ

r� r�

where � is a complex parameter function of the characteris-
tic material parameters

s
2� s A8Ž .

2c
 s 
 q� q1Ž .
K 
q2� q lnŽ . ž /� s 
 y� q1Ž .

Also if the gel is not initially in the undeformed state, Eq. A7
is still a general solution of Eq. A6 expressed in terms of
variational variables.

To solve Eq. A7, the boundary conditions need to be speci-
fied. In the following section, the boundary conditions for a
constant pressure and a constant flow infusion will be de-
rived.

Constant pressure infusion
Equation A4 can be rewritten in the following form

�t2 2� ps� 
q2� eq2c m ty� e d� A9Ž . Ž . Ž .H
��y�

Ž .Assuming that the radius of the sphere R is sufficiently large
Ž .compared to the radius of the cavity a , then we can con-

sider that both the dilatation and its gradient tend to zero as
r™R, so

�t
�ps� 
q2� eq2c m ty� e d� A10Ž . Ž . Ž .H

��y�

�t
p t ,r s 
q2� e t , r q2c m ty� e t , r d�Ž . Ž . Ž . Ž . Ž .H

��y�

A11Ž .

Equation A10 furnishes the boundary condition at r™a

�t
PIs 
q2� e t , a q2c m ty
 e t , a d� A12Ž . Ž . Ž . Ž . Ž .H

��y�

Transforming Eq. A11 in the Laplace space, we have

PI
e s, a s A13Ž . Ž .ˆ 2c
 s 
 q� q1Ž .

s 
q2�q ln ž /� s 
 y� q1Ž .

With Eq. A13, the solution of Eq. A7 becomes

w xD s a sinh Ry r �Ž . Ž .
e s, r s A14Ž . Ž .ˆ w xr sinh Rya �Ž .

Ž . Ž .where D s s e s, a .ˆ

Constant flow infusion
The solid stress acting at the boundary between the fluid

and the solid phase is zero; therefore at rsa

�t
2�	 t , a q
e t , a Iqc m ty� 	 t , aŽ . Ž . Ž . Ž .H Ž

��y�

q e t , a I d� s0 A15Ž . Ž ..

Rewriting in spherical coordinates and transforming in the
Laplace space, we obtain

�
M s u s, a qT s e s, a s0 A16Ž . Ž . Ž . Ž . Ž .ˆ ˆr� r
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where

c s 
 q� q1Ž .t
M s s 2�q lnŽ . ž /� s 
 y� q1Ž .

c
 s 
 q� q1Ž .
T s s 
q ln A17Ž . Ž .ž /� s 
 y� q1Ž .

The dilatation, e, can be expressed as function of displace-
ment u, as

� 2u s, aŽ .ˆ
e s, a s u s, a y A18Ž . Ž . Ž .ˆ ˆr� r a

Combining Eqs. A16 and A18, we obtain

M s qT s aŽ . Ž .Ž . o
u s, a s e s, a A19Ž . Ž . Ž .ˆ ˆr 2 M sŽ .

From Darcy’s law, assuming that the cavity radius does not
change significantly, at rsa we have

Q � ur
� y syK �p A20Ž .2ž /� t4� a

Transforming the preceding equation in the Laplace space
and substituting Eq. A19, we obtain the boundary condition
that links the dilatation to the flow rate at rsa

� e s, aŽ .ˆ �qC s e s, a qD s s0 A21Ž . Ž . Ž . Ž .ˆ
� r

where

2c
 s 
 q� q1Ž .
F s s 
q2�q lnŽ . ž /� s 
 y� q1Ž .

a� s
C s syŽ .

2 KM sŽ .

�Q
�D s s A22Ž . Ž .24K� a sF sŽ .

With Eq. A21, the solution of Eq. A7 becomes

D� s a2Ž .
e s, r sŽ .ˆ

r

w xsinh Ry r �Ž .
� A23Ž .w x w x1yC s a sinh Rya � q� acosh Rya �Ž . Ž . Ž .Ž .

Once the distribution of e is known, all the other variables p,ˆ ˆ
u, ®, and � can be evaluated.ˆ ˆ ˆ

From Eq. A11, transforming in the Laplace space, the hy-
drostatic fluid pressure results

p s, r sF s e s, r A24Ž . Ž . Ž . Ž .ˆ ˆ

The displacement field is readily obtained by

1 d
2r u s e A25Ž .ˆ ˆŽ .r2 drr

Ž .Equation A25 can be solved using the boundary condition

d
s� s, a s A s e s, a qB s u s, a s0 A26Ž . Ž . Ž . Ž . Ž . Ž .ˆ ˆ ˆr r rdr

Ž . Ž .where A s and B s are complex parameters that take into
account the characteristic parameters of the material and are
obtained by the expression of the solid stress tensor in the
complex Laplace space

c s 
 q� q1Ž .ts� s
eIq2�	q ln 	q eI A27Ž .ˆ ˆ ˆ ˆ ˆŽ .ž /� s 
 y� q1Ž .

which, rearranged, becomes

� ss A s eIqB s 	 A28Ž . Ž . Ž .ˆ ˆ

where

c
 s 
 q� q1Ž .
A s s
q lnŽ . ž /� s 
 y� q1Ž .

c
 s 
 q� q1Ž .
B s s2�q ln A29Ž . Ž .ž /� s 
 y� q1Ž .

Through the analytical expressions of the hydrostatic pres-
sure and the matrix displacement, it is possible to obtain an
expression of the fluid velocity by simply transforming Darcy’s
equation in the complex Laplace space, that is

K � p s, rŽ .ˆ
® s, r s su s, r y A30Ž . Ž . Ž .ˆ ˆr � � r

Here to determine © we assumed that the volumetric fraction
of fluid phase � is constant. In reality, the fluid volume frac-
tion, even assuming small deformation, is a function of the
dilatation. Indeed, we express e as

V yV o
g g

e( A31Ž .oVg

where V o and V are the undeformed and deformed volumesg g
of the gel. From a fluid mass balance we get

V o� oyV �sV oyV A32Ž .g g g g

where � o and � are the fluid fractions in the undeformed
and deformed state. From Eqs. A31 and A32, the fluid frac-
tion can be obtained as a function of the dilatation as

eq� o

�s A33Ž .
1q e
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Once the distribution of e and u are known, the principal
components of the stress tensor, along r, � and � coordi-
nates, are obtained from the gel constitutive equation

d
s� s, r s A s yF s e s, r qB s u s, r s0Ž . Ž . Ž . Ž . Ž . Ž .Ž .ˆ ˆ ˆr r rdr

A34Ž .

� s s, r s� s s, r s A s yF s e s, rŽ . Ž . Ž . Ž . Ž .Ž .ˆ ˆ ˆ�� ��

u s, rŽ .ˆrqB s s0 A35Ž . Ž .
r

Appendix B: Finite-Element Analysis for the Solute
Transport Problem

In order to discretize the domain of the field of solute con-
centration, we will use a partition of the interval � in closed
segments, whose measure is � . Each segment constitutes ai
subdomain. Thus, we can write

�s � r . B1Ž . Ž .Ý i i
i

Each function present in the transport equation is defined
in the single subdomain, � . We multiply each term of thei

equation by a family of linear weight functions, w , belongingi
to the Hilbert space. Each weight function, w , is defined ini
the subdomain, � , and the value they assume on the borderi
of the domain is zero. Now we can formulate the problem in
a weak form with the Galerkin method as follows

w D�c d� sy �w D�c d� B2Ž .H HÝ Ýi i i i i i
� �i ii i

The Laplacian integral can be transformed by using Stokes’
theorem in the following way

w D�c d� sy �w D�c d� B2Ž .H HÝ Ýi i i i i i
� �i ii i

from which we have

� ci
w d� sy �w D�c d�H HÝ Ýi i i i i� t� �i ii i

y w �� c �� d� B3Ž . Ž .HÝ i i i i
� ii

The final step is to integrate each term in Eq. A39.
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